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The nonequilibrium dynamics of a probe in a driven binary mixture of effective hard-sphere
particles has been measured computationally in molecular dynamics simulations so as to obtain a
better understanding of the energy and spatial correlations that persist through the coupling between
the binary components. The driving of the particles is manifested through a change of the effective
volume or equivalently, diameter of the hard spheres and each component is assumed to have a
different time-dependent profile. Such a driving is possible in a suspension of one-component
colloidal mesogens, for example, in which the particle volume has been seen to change with pH or
temperature changes in the solution. It can also be realized by growing nanoparticles during a
nucleation process. The full particle dynamics has been projected onto Langevin-type models of the
probe motion by representing the environment using two different reservoirs and distinct bath-probe
coupling coefficients with different nonstationary properties. The bath particles corresponding to
each reservoir swell with time at various rates, nonsynchronously changing their volume fractions.
Under the assumption of a weak bath-bath interactions, the coupling coefficients between the probe
and two baths are expressed via those in the case of a simple—consisting of one bath—environment.
The general form of the resulting irreversible Langevin equation is in agreement with the MD
simulations of a hard sphere probe particle diffusing in the nonstationary binary mixture.
© 2009 American Institute of Physics. DOI: 10.1063/1.3168405
I. INTRODUCTION
At the molecular scale, chemistry is often concerned
with the equilibrium end points of chemical reactions,
whereas at the macroscopic scale, engineering is often con-
cerned with the processing conditions between different
metastable states of materials. In a series of articles,1–7 we
started to explore the extent to which different molecular
scale perturbations can drive molecular systems to exhibit
dynamic and metastable properties accessible only within
nonequilibrium conditions. Macroscopic properties, such as
temperature, pressure, pH, or polymer network structure, can
change with time due to molecular-scale processes such as
chemical reactions or physical phase transitions. The lat-
ter in turn will be affected by macroscopic changes. Among
the molecular scale observables, we focused on the charac-
terization of the time-dependent structure and the nonequi-
librium diffusion of solutes in these systems.
To this purpose, we focused on a model system consist-
ing of a suspension of large particles—colloids—in a liquid
or gas. The nonequilibrium dynamics of this metastable sys-
tem can be driven by external macroscopic forces if the par-
ticles respond to said forces by changing shape, volume or
structure. Such a response can be realized by nanoparticles
whose equilibrium nucleation is sensitive to solvent condi-
tions. It can also be realized in solutions of colloidal and
microgel particles that alter their size in response to tempera-
ture and pH changes.8–15 The particle volumes can swell by
as much as an order in magnitude in a few milliseconds,9,16,17
thereby quickly changing the properties of the medium. Such
environmental changes evidently affect the local and global
structures in the suspension and give rise to nonstationarity
in the diffusional motion of solutes within the suspension.
In previous work,3,4 we have seen that the dynamics of a
probe solute within a suspension of homogenous, but time
varying, colloidal particles can be described using a reduced-
dimensional model in which the solvent can be characterized
as a single effective bath. In the current work, we investigate
the question of how the dynamics is affected by the presence
of heterogeneous colloidal particles as would be manifested
within a binary mixture. The corresponding reduced dimen-
sional model in the general case of a multinomial mixture
consists of a small-dimensional system immersed in a non-
equilibrium bath see Fig. 1 partitioned by several reservoirs
maintained at the same temperature. In the limit that the
particles of each reservoir are identical, regardless of their
interaction between reservoirs, the dynamics reduces to that
of a single reservoir. The single-reservoir limit is also ob-
tained for the contrary case of strongly entangled reservoirs
regardless of their structure. On the other hand, if the
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reservoirs do not interact, the dynamics of the particles re-
spond to the reservoirs additively and the single-reservoir
reduced-dimensional models can be used for each reservoir
separately. The critical question answered in this work is
how does the interaction between the reservoirs affect their
response to the dynamics of the probe?
To be specific, we use a particle model in which a tagged
sphere—the subsystem—diffuses in a binary mixture of two
gases propagated by the classical equations of motion. Each
gas consists of hard-sphere particles swelling with distinct
but specified rates. In the limit that the solvent particles re-
main at constant size, the dynamics of the subsystem within
this stationary environment can be accurately described by
the generalized Langevin equation GLE,18 albeit with ref-
erence to the relative contributions of each of the compo-
nents of the binary mixture. If the bath particles are driven to
change size irreversibly but remain strongly and uniformly
coupled to each other, then the nonstationary response of the
solvent can be captured by the so-called irreversible GLE
iGLE.1,2 In a more realistic case, one should take into ac-
count the heterogeneity of the actual bath. Use of the iLE
formalism helps solve this problem by splitting the bath vari-
ables into several independent sets reservoirs. An analo-
gous discretization of the environment has been used in the
case of spacial inhomogeneity19,20 or when a part of the en-
vironment is prepared or maintained at nonequilibrium.21–25
In Ref. 4, the iGLE approach has been generalized for the
case of any number of nonstationary bath reservoirs with
arbitrarily changing temperatures and it is summarized in
Sec. II. The extension of this model to examine weakly to
strongly coupled reservoirs is also described therein. The de-
tails of the numerical simulations used to explore the particle
and reduced-dimensional models are described in Sec. III.
The comparison between these two models in Sec. IV indi-
cates the degree to which the coupling between the reservoirs
can be captured naively from the behavior of the correspond-
ing neat, but time-dependent, baths. The deviations arise
from nonadditive interactions that appear to also contain
some universality.
II. LANGEVIN DYNAMICS IN SEVERAL BATH
RESERVOIRS
A. Background
When the bath is stationary, the motion of the subsystem







tht − tq̇tdt + tht . 2.1
Here Vq is the potential of mean force, tht− t is the
friction kernel representing the response of the solvent, tht
is the random force due to the medium, which obeys the
fluctuation-dissipation relation FDR,
thttht = kBTtht − t . 2.2
If the bath is nonstationary, Eq. 2.1 has been modified
to the so-called iGLE,1,2 which can include both time- and
space-dependent nonstationarity. In the present work, we will
generally ignore the latter though it has been found to be
useful in characterizing spatial inhomogeneities.19,20 The








t,tq̇tdt + t , 2.3
t,t = gttht − tgt . 2.4
The function gt wrapping the friction kernel is completely
determined by an irreversible behavior of the environment
due to processes not otherwise included in the subsystem or
bath. The stochastic force tgttht in the iGLE is
modulated by the same amplitude gt. The resulting nonsta-
tionary FDR is
tt = kBTt,t , 2.5
so that the temperature does not change in the course of the
process.
In Ref. 2 it was shown that the iGLE can be derived
from the Zwanzig-type Hamiltonian where the coupling be-
tween the chosen coordinate and the bath depends on time.
This coupling is expressed via the coefficient gt, which
serves as a stochastic force amplitude in Eq. 2.3. The MD
simulations performed in Ref. 3 demonstrated that the diffu-
sion of a heavy spherical particle moving among lighter
ones, which swell or shrink with time, is well described by
the memoryless limit of iGLE, with the function gt deter-
mined from the velocity correlation function.
B. General memoryless limit
In previous work,3,4 the projection of a nonequilibrium
system coupled to several independent baths was shown to
lead to a nonstationary stochastic equation. In the uniform
temperature limit, i.e., when all the nonstationary bath reser-
voirs have one and the same temperature, T, as illustrated in
Fig. 1, the iGLE acquires a form similar to that of Eq. 2.3
with the friction kernel
FIG. 1. A representation of a subsystem immersed within a complex non-
equilibrium environment whose interaction can be partitioned locally with
respect to distinct baths at the same temperature, T through distinct cou-
pling terms. The latter terms, gi, are described in Sec. II, and enter explicitly
in Eq. 2.12.
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t,t = 	
k
gktgktthkt − t , 2.6
where the random force correlation function obeys Eq. 2.5.
The friction kernel, thkt− t, represents the response of
the kth bath reservoir at equilibrium, and gkt describes its
nonstationarity multiplicative response. The initial value of
the latter can be taken equal to unity, gk0=1, without loss
of generality.
In the case of diffusion of a heavy particle, the response
time of the solution is negligibly small and the friction kernel
acquires a memoryless form,26
thkt = 20;kt . 2.7




2t20;kt − t  2tt − t , 2.8
and the iGLE 2.3 in the absence of the external potential,
V0, turns into the memoryless irreversible Langevin equa-
tion iLE:
q̈t = − tq̇t + t , 2.9a
tt = 2kBTtt − t , 2.9b





2t0;k = G2t0 , 2.10






Thus, in memoryless Brownian dynamics, a particle effec-
tively diffuses in a single homogeneous environment.
Equation 2.9 can be used as the basis for describing the
diffusion of a particle in an environment consisting of sev-
eral baths:







2t0;kt − tk,n, 2.12b
where k,n is the discrete Kronecker delta function reflecting
the independence—orthogonality—of the random forces.
The coupling between the reservoirs must be neglected in
order for Eq. 2.12 to be formally exact. In practice, how-
ever, the coupling even when it is relatively strong between
pairs of particles is not sufficient to maintain correlations
along a connected chain of particles that connect the tagged
particle to itself through two distinct reservoirs. That is, be-
cause a diffusing particle “feels” only its immediate sur-
roundings directly, it appears to satisfy a locality principle:
Its dynamics may be fully surmised by its response to the
separated influences of different subenvironments in its vi-
cinity.
C. Two-reservoir limit
The stochastic equation of motion for a particle diffusing
in two reservoirs at constant temperature T can be written in
the most general form as an iLE of the form,
q̈t = − 1G1
2t + 212t + 2G2
2tq̇t + 1t + 2t ,
2.13a
where 1t and 2t represent the collective forces of each
of the reservoirs. The interaction between the reservoirs has
not been ignored and is captured in the correlation functions:
ktkt = 2kBTGk
2tkt − t, for k  
1,2 ,
2.13b
1t2t = 2kBT12tt − t . 2.13c
Here 12t characterizes the time-dependent coupling be-
tween two reservoirs as captured through the coupling of
their collective random forces.
Suppose that the initial value of function 12t is negli-
gibly small indicating there is no correlation between the two
baths in the beginning. This is exactly what is observed in
the simulations described below. Without loss of generality,
we can further assume that G10=G20=1. It is then rea-
sonable to introduce the frictions terms, 0;1=1 and 0;2
=2, so as to construct a new equation of motion in which
the reservoirs are uncoupled:
q̈t = − 0;1g1
2t + 0;2g2
2tq̇t + 1t + 2t , 2.14a
where 1t and 2t are independent orthogonal Gaussian
forces that preserve the total force of the tagged particle,
1t+2t=1t+2t. Specifically, they satisfy the cor-
relation functions,
ktkt = 2kBTgk
2t0;kt − t for k  
1,2 ,
2.14b
1t2t = 0. 2.14c
Equation 2.14a entails the same propagation for q at t=0 as
Eq. 2.13a.
The ensemble of trajectories generated by the stochastic
equations of motion, Eqs. 2.13 and 2.14, will be the same
for all time if the correlations of their respective stochastic




2t + at , 2.15a
g2
2t = G2
2t + bt , 2.15b
at0;1 + bt0;2 = 212t , 2.15c
where the coefficients at or bt can be described as cor-
rections to g1t and g2t due to the bath-bath interaction
note that a0=b0=0. These connections are nontrivial in
the sense that if it is possible to extract functions Gkt for
isolated baths from simulations or experiments then one can
use them to compare with those for “orthogonal” reservoirs
coupled through gkt. In the case when a tagged particle
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moves in a complex two-bath environment, then the correla-
tion 12t between the bath reservoirs can also be extracted
numerically so as to illuminate the degree to which it devi-
ates from 0 with time see Fig. 10 below.
The conceptual advance achieved by writing Eqs. 2.14
lies in the fact that they formalize our treatment of a two-
reservoir bath as uncoupled to each other, at least, initially.
That is, no matter how coupled the baths are to each other in
the initial representation of Eqs. 2.13, one can always con-
struct a new pair of baths that are uncoupled at the initial
time. Such a procedure then allows one to treat the coupling
perturbatively and hence enables analytical treatment. More-
over, if the system baths can be written in such a way that
there exists a natural separation, then one should be able to
resort to this uncoupled situation at any time with the only
loss of generality being the loss of information about corre-
lation to prior times. Of course, if one does construct the
separation transformation exactly, then one could use the for-
mulas backward in time as well. In what follows, we will
use two baths represented by different sets of particles. At
any given time, the two baths can be treated as being un-
coupled instantaneously—that is, 12=0—as a consequence
of the observation of Eqs. 2.14. However, as the system is
evolved, the baths will interact and recouple.
III. NUMERICAL METHODS
In the particle-scale simulations, we model the motion of
a heavy tagged particle diffusing in a gas consisting of a
binary mixture of 300 lighter bath particles. The particles
interact only through hard-sphere contacts as specified by
their radii. The bath particles play the role of a nonstationary
environment and consists of two components, each of which
represents a different bath reservoir. The nonstationarity
arises because spheres in each reservoir swell with time and
it is inhomogeneous because they swell at different rates, w1
and w2.
The entire system is propagated under NVE conditions
using standard numerical integration. All of the particles are
placed in a cube with sides equal to L=2380 nm with peri-
odical boundary conditions. The mass of the heavy particle is
M =1.66110−13 g and that of gas particles is set to m
=M /50 =3.32110−15 g. The radii r1 and r2 of the
spheres belonging to different reservoirs 1 and 2 change lin-
early with time,
rk = r0 + wkt, k = 1,2, 3.1
where the initial radius is chosen equal to r0=30 nm for all
spheres. The tagged sphere radius is set to R=100 nm and
does not change with time. Each bath reservoir contains half
of the bath particles, N1=N2=150. To keep the temperature
constant the total energy is constrained to be constant by
requiring that the masses are invariant to the swelling and
treating collisions instantaneously with respect to fixed
masses and radii. To the extent that the average kinetic en-
ergy of each particle remains constant through the dynamics,
the system behaves as if has a temperature satisfying equi-
partition at the temperature of the initial configuration, which
is generally maintained at 300 K. Throughout this work, we
assume that the particle systems is large enough that it can be
meaningfully referred to by way of this temperature.
Four specific cases of the growth rates w1 ,w2 have
been investigated in this work. In units of nm /s, these are
0.1,0.1, 0,0.1, 0,0.2, and 0.1,0.2. The order of magni-
tude of the nontrivial growth rates is somewhat larger than
experimental estimates, which range from one to several tens
of nanometers per millisecond.9,27 The present choices are
made deliberately: With these rates the swelling interferes in
other processes strongly affecting the relaxation of the veloc-
ity autocorrelation function VACF so that the swelling can-
not be regarded as a slow adiabatic process.
In order to compare the dynamics within the binary sys-
tem to the limiting cases within neat baths, we first simulate
a system consisting of 150 bath particles whose swelling rate
is taken equal to the three distinct rates, w=0, w
=0.1 nm /s, and w=0.2 nm /s, encompassed by the bi-
nary growth rate pairs above. As per the previous section, we
use these results to obtain the amplitudes Gkt of the “non-
orthogonal” bath modes. As was shown previously for the
limit of a homogeneous bath in there are no memory effects
associated with the environmental response,3 this amplitude
depends only on the macrostate of the system. The latter, in
turn, can be defined by any parameter, which is characteristic
of either static, structural, or dynamic properties. Examples
of a parameter corresponding to each of these properties are
the particles’ radius, the contact value of the pair correlation
function, and the frequency of collisions, respectively. A
simple scaling rule can be applied to calculate Gkt ;w at any
w,3
Gkt;w = Gkwt/w0;w0 , 3.2
indicating that the product wt—which is additive to the
radius—fully characterizes the instantaneous macrostate. Ex-
ploring this result, each amplitude Gkt ;w can be written in
the form of a universal function depending only on the radius
rt, which fully defines the state of the system:
Gkt;w  Grt .
Note also that the values of the coefficients 0;1 and 0;2 are
equal to each other because they represent the initial dissipa-
tive forces corresponding to each bath reservoirs and these
are identical at the beginning. Their values, 0;1=0;2=6.25
104 s−1, for the specific realization of the particle model
under investigation here have been obtained from the nu-
merical simulations and exactly corresponds to the Enskog
theory28 in the case of small volume fraction.
The amplitudes gkt and Gkt can be extracted from the





The corresponding VACFs in the iLE were shown in Ref. 3
to take the form,
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for the one-bath model. The VACF for the two-bath model
follows similarly from Eqs. 2.14. The effective two-bath
friction term, 0;1g1
2t+0;2g2
2t, therein plays the role of
0;kGk
2t in the one-bath equation of motion. It follows that
the VACF is







for the two-bath model, where the indices w1 and w2 denote
the one- and two-dimensional parameterizations of the
growth rates in the respective nonequilibrium processes.
Polynomial fitting has been used to smooth the functions
ln Ct0 , t. The time derivations of the fits divided by 0;k
give the desired amplitudes. Due to large relative fluctuations
of the VACFs, this procedure becomes less accurate at times
which are close to the maximal simulation times, tmax, when
the volume fraction reaches 0.4. It corresponds to tmax
2000 s for the one-bath model with the swelling rate
w=0.1 nm /s and varies from tmax1000 s to tmax
2000 s for the two-reservoir model.
As previously noted, a particular value of the amplitude
Gkt is fully defined by the macrostate of the system. The
motion of the heavy particle is determined by the statistics of
collisions with the particles in the closest surroundings; the
hard sphere model allows for immediate contacts only. The
concentration of the bath particles in the vicinity of the
tagged sphere is related to the pair correlation function, pr,
whose value at the contact, pc, defines the collision fre-
quency, 	. In the homogeneous bath, all these quantities—r,
pc, and 	—are unambiguously connected to each other and
to the state of the system. Thus, functions Gk are “one-
dimensional” in the sense that a single parameter suffices to
uniquely specify their form.
The situation becomes more complicated if there are two
bath reservoirs consisting of particles with different radii, r1
and r2. The interaction between the reservoirs leads to the
interrelation between such quantities as p1c and p2c or 	1 and
	2, so that they do not depend on the corresponding radii
alone but also on the constituent compositions. In this case, it
is reasonable to assume that the amplitudes of the stochastic
forces in Eq. 2.14a, g1 and g2, are the functions of state of
each separate reservoir, namely,
gk = gkrk,pkc, or gk = gkrk,	k ,
and, hence, can be regarded as “two-dimensional” functions
whose time dependence can be characterized through the
specification of two such parameters.
IV. RESULTS AND DISCUSSION
A. One-reservoir response
Figure 2 depicts the VACF, Cw1t0 , t, of the tagged par-
ticle diffusing in a homogeneous bath consisting of 150
spheres one reservoir, which swell at a rate w1
=0.1 nm /s. Also shown in the figure is the polynomial fit
of this VACF, which is used for obtaining the amplitude,
G1t ;w=0.1 and G2t ;w=0.1, by inverting Eq. 3.4. The
amplitudes Gkt ;w can be rescaled according to Eq. 3.2 so
as to obtain them at any w.
Gk
2t ;w=0.1 and the normalized frequency of collisions
between the probe and the bath particles are presented in Fig.
3. The proportionality, which is seen at early times and at
small volume fractions, is in accordance with Enskog
theory.3,28 The functions Gkt ;w will be used below as ref-
erence coupling coefficients for finding the total stochastic
force amplitudes in several cases of different swelling rates.
B. Two-reservoir response: One rigid and one
swelling
The VACFs for a two-reservoir system with one station-
ary reservoir—vis-a-vis, with a swelling rate w1=0—are
shown in Fig. 4. The rate for the second reservoir is w2
=0.1 nm /s. The contributions from the two baths are dis-
tinguishable due to the fact that the stationary particles con-
tinue to have a similar direct interaction, that is, that which
does not include collisions with any other particles, with the
probe while the swelling particles necessarily have a time-
dependent interaction even in their direct interaction. It can
be treated perturbatively because the volume fraction re-
mains very low 0.001. Moreover, the function g1 for the
stationary reservoir depends on the local enhancement only
and it is directly connected to the collision frequency 	1.
FIG. 2. The VACFs for a one-reservoir model with 150 bath particles at
the swelling rate w=0.1 nm /s are displayed at three different times, t0. In
each case, the simulation data are represented as open circles and the poly-
nomial fits to the data are shown as solid curves.
FIG. 3. Gk
2t and 	t /	0 are displayed vs time within the swelling
regime.
024503-5 Diffusion in a nonequilibrium binary mixture J. Chem. Phys. 131, 024503 2009
Downloaded 10 May 2013 to 130.207.50.154. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions
Assuming that the friction coefficient, 0;1g1
2, is similarly











The collision frequencies are shown in Fig. 5. For the non-
swelling reservoir 	1 is small during the entire process. The
Enskog approximation in Eq. 4.1 should be valid, although
	1 is not exactly proportional to the particle density even





L3 − 43 Rt + r1
3 − N2
4
3 r1 + r2
3
, 4.2
where the denominator is approximately the available vol-
ume for the centers of nonswelling spheres. Thus, the collec-
tive effect of the hard-sphere binary mixture is connected to
the local enhancement in concentration near the tagged par-
ticle.
The VACFs shown in Fig. 4 have been fit to a polyno-





in accordance with Eq. 3.5. Subtracting g1
2 Eq. 4.1 al-
lows one to obtain the amplitude g2 for the swelling bath
reservoir. On the other hand, the function g2 for the swelling
reservoir in the presence of the nonswelling one can be ap-
proximated by the function G2 corresponding to the case
where there is only one swelling bath:
g2t  G2t  Gr2t . 4.4
This approximation is justified by the fact that the small
particles of the unchanging bath reservoir practically do not
disturb the dynamics of larger spheres. It can be also seen in
Fig. 5 that the frequency of collisions between the tagged
sphere and 150 swelling particles in the presence of the rigid
ones squares coincides with that in the one-reservoir case
Sec. IV A, i.e., in the absence of the rigid spheres solid
line. The comparison of g2 found using this method and
obtained directly from the simulations Eqs. 4.1 and 4.3
is presented in Fig. 6. It indicates that the approximation in
Eq. 4.4 is reasonable.
In summary, the VACFs for an inhomogeneous mixture
of stationary and swelling particles can be obtained from Eq.
3.5. The coupling terms are taken from Eq. 4.4 for the
larger particles—g2—and from Eq. 4.1 for the smaller
particles—g1. The fact that the smaller and larger particles
are treated on a different footing should not be cause for
alarm. This arises from the observation, illustrated in Fig. 5,
that at early times the primary effect on the coupling terms is
due to the change in free volume. At longer times, the
smaller particles are more sensitive to nonlinearities and
hence deviate substantially much sooner than do the bigger
particles. Indeed, the overall procedure leads to good agree-
ment with the simulations at various time pairs in the corre-
lation function as shown in Fig. 4 solid lines. Meanwhile
the linearized treatment—in which Gkt is used to replace
gkt in Eq. 2.14—gives rise to deviations at long times as
seen in the dashed curve of Fig. 4. All of these conclusions
can also be drawn from Fig. 7 wherein the swelling rate of
the nonstationary reservoir has been doubled.
FIG. 4. The VACFs for the rigid+swelling two-reservoir model at the swell-
ing rates w1=0 and w2=0.1 nm /s are displayed at three different refer-
ence times, t0. In each case, the simulation data are represented as open
circles, the linearized treatment obtained by direct replacement of g1 with G1
and g2 with G2 in Eq. 3.5 is shown as dashed curves, and the perturbative
treatment arising from Eqs. 4.1, 4.4, and 3.5 are shown as solid lines.
FIG. 5. The frequency of collisions between the tagged particle and bath
particles from each reservoir is displayed as function of time during a swell-
ing regime. The open circles correspond to the stationary reservoir with
w1=0 and the open squares correspond to the swelling reservoir with w2
=0.1 nm /s. The solid curve is the collision frequency in the one-reservoir
case Sec. IV A at w=0.1 nm /s. The dashed curve is the relative change
in density of nonswelling particles due to the change in available volume,
Eq. 4.2 in arbitrary units.
FIG. 6. Comparison between the coupling term g2 arising from the particle
dynamics of the two-reservoir system and the coupling term G2t arising
from the linearized approximation in Eq. 4.4 using the one-reservoirs data.
In order to obtain g2t, the function g1t must first be obtained after
extrapolation along the frequency variable, Eq. 4.1.
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C. Two-reservoir response: Homogeneous swelling
The motion of a tagged particle in an environment con-
sisting of N1+N2=300 homogeneous spheres can also be
treated as a two-reservoir system with 150 particles each
swelling with the same rate, w1=w2=0.1 nm /s. If our ap-
proaches are correct, then they should lead to the same result
regardless of this fictitious partitioning of the reservoir. Al-
though this case with homogeneous swelling looks simple,
actually, it is unfortunately more complicated than the inho-
mogeneous systems because in the former, both reservoirs
are equal in their actions and, thus, it is impossible to make
an exact separation of unperturbed/perturbed reservoir dy-
namics. Nevertheless, it is instructive to consider the ap-
proaches described above in the limit of homogeneous swell-
ing.
If the interaction between bath reservoirs is neglected,
then gkGk. Thus, the validity of Eq. 3.5 with gk replaced
with Gk can be checked. Another better approximation is
based on the rescaling procedure analogous to Eq. 4.1,






The comparison of these approximations and simulations is
shown in Fig. 8. It is remarkable that the linearized and per-
turbative approximations are effective at early to intermedi-
ate times. Of course, the fully coupled system decoheres
much more rapidly than the separated models because of the
interaction with tertiary particles from different baths.
D. Two-reservoir response: Inhomogeneous swelling
Finally, we consider a case in which both baths swell,
but at different rates. Each bath consists of 150 particles, but
the swelling rate of the first reservoir is w1=0.1 nm /s,
whereas that of the second one is w2=0.2 nm /s. The case
when both reservoirs nonsynchronously change with time is
the most complicated for the analysis. However, the linear-
ized and perturbative treatments employed in the previous
cases can be combined to address the inhomogeneous swell-
ing system.
We assume that the bath consisting of smaller
particles—relabeled as bath 1—affects the interaction be-
tween the tagged particle and the larger particles—relabeled
as bath 2—weakly, if at all. Thus the amplitude for the in-
teraction to the larger particles can be approximated by a
one-parameter term,
g2t  Gr2t , 4.6
calculated at a corresponding macrostate parametrized by the
particles’ radius r2t. The influence of the small particles can






where Gr1 is an amplitude of a one-reservoir bath swelling
at the corresponding rate, w1, 	1t is the frequency of colli-
sions between the tagged sphere and small particles, and 	t
is the frequency of collisions between the tagged sphere and
small particles in the absence of the second bath reservoir.
The last quantity is shown in Fig. 3 and depends only on the
state of the subsystem which is characterized by r1, i.e.,
	t	r1t.
The results of numerical simulations of the inhomoge-
neous swelling case are presented in Fig. 9. The linearized
treatment based on the one-dimensional functions G1t
Gr1t and G2tGr2t instead of g1t and g2t in
Eq. 3.5 gives worse results than the perturbative treatment.
FIG. 7. The VACFs for the rigid+swelling two-reservoir model at the swell-
ing rates w1=0 and w2=0.2 nm /s are displayed at three different refer-
ence times. The swelling rate of the nonstationary bath is twice that for the
data in Fig. 4, but all the visual objects retain the same meaning.
FIG. 8. The VACFs for the homogeneous two-reservoir model at the swell-
ing rates w1=w2=0.1 nm /s are displayed at three different reference
times. In each case, the simulation data are displayed as open circles, the
linearized treatment obtained by setting gkt=Gkt in Eq. 3.5 is shown as
a dashed curve, and the perturbative treatment obtained from Eq. 3.5 with
gk
2 from Eq. 4.5 is shown as a solid curve.
FIG. 9. The VACFs for the inhomogeneous two-reservoir model at the
swelling rates w1=0.1 and w2=0.2 nm /s are displayed at three different
reference times. In each case, the simulation data are displayed as open
circles, the linearized treatment obtained by setting g1 with G1 in Eq. 3.5 is
shown as a dashed curve, and the perturbative treatment obtained from Eqs.
4.6, 4.7, and 3.5 is shown as a solid curve.
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If the coupling between the reservoirs were stronger,
then one must use a projected iLE model, like that in Eq.
2.13, that is generalized to include auxiliary stochastic
equations for each of the reservoirs. It includes direct and
dissipative interactions between the baths that are captured in
the correlation function 12t between particles from each
reservoir. The magnitudes of this bath-bath correlation, 12,
for the homogeneous and inhomogeneous systems are calcu-
lated using Eq. 2.15 and shown in Fig. 10. In the inhomo-
geneous case, the values are clearly small throughout. In the
homogeneous swelling case, the two-bath reservoirs must af-
fect each other equally. Figure 10 justifies the perturbative
treatment in the case of small 12, in the framework of which
the amplitude functions gk obtained from the unperturbed
ones, Gk, by use of the rescaling procedure work better.
Thus, at least for the current cases of reservoir coupling, the
separation of the bath reservoirs can be treated perturbatively
within a reduced dimensional framework.
V. CONCLUDING REMARKS
The diffusion of a large heavy colloid immersed within a
binary mixture of swelling nonstationary particles has been
investigated. The particles from each component hard sphere
gas swell at a given rate and can be represented collectively
as a nonequilibrium bath reservoir. The extended version of
the iLE, which allows for a complex structure in the non-
equilibrium environment, appears to be an adequate descrip-
tion of the process.
To adapt the iLE to this particular problem, the informa-
tion about the nonstationary amplitude gt of the stochastic
noise is necessary. This amplitude can be composed of two
others, G1 and G2, which define the behavior of the tagged
particle in each subenvironment separately. The overall func-
tion gt is obtained after subsequent rescaling of the func-
tions G1 and G2 to account for their dependence on the state
of the environment in the immediate vicinity to the tagged
sphere. In MD simulations, the functions g, G1 and G2 can
be found by the direct extraction of quantities—the mean
square displacement or the VACF—which are available
when one keeps track of every particle. The nonstationary
amplitudes can also be inferred from experiments by way of
inverting diffusional data, structure functions, or energy cor-
relation functions.
In an inhomogeneous swelling system, one of the
amplitudes—the one for larger particles—can be approxi-
mated by that from the neat one-reservoir case. This approxi-
mation succeeds because of the negligible influence exerted
by the other bath reservoir onto the larger bath. Meanwhile
the coupling amplitude between the tagged particle and the
smaller bath needs to be rescaled because the local compo-
sition of smaller particles around the probe is affected by the
larger particles although it is not quite linear with its overall
density, 
t. Thus, it has been shown that—at least for a
binary mixture of hard spheres—the composition rule 4.3
allows one to restore the coupling amplitude gt without
requiring detailed recalculations of the kinetic coefficients
for the whole process in response to a changing nonstation-
ary environment.
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